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Abstract
In this paper, we present some new results on non-Riemannian geometry, more
specifically, asymmetric connections and Weyl’s geometry. For asymmetric
connections, we show that a projective change in the symmetric part generates a vector
field that is not arbitrary, as usually presented, but rather, the gradient of a
non-arbitrary scalar function. We use normal coordinates for the symmetric part of
asymmetric connections as well as for Weyl’s geometry. This has a direct impact on
asymmetric connections, although normal frames are usual in antisymmetric
connections, unlike normal coordinates. In the symmetric part of asymmetric
connections, the vector field obeys a well-known partial differential equation, whereas
in Weyl’s geometry, gauge vector fields obey an equation that we believe is presented
for the first time in this paper. We deduce the exact solution of each of these vector
fields as the gradient of a scalar function. For both asymmetric and Weyl’s symmetric
connections, the respective scalar functions obey respective scalar partial differential
equations. As a consequence, Weyl’s geometry is a conformal differential geometry and
is associated with asymmetric geometry by a projective change. We also show that a
metric tensor naturally appears in asymmetric geometry and is not introduced via a
postulate, as is usually done. In Weyl’s geometry, the electromagnetic gauge is the
gradient of a non-arbitrary scalar function and electromagnetic fields are null. Despite
the origin in Weyl’s differential geometry, the use of the electromagnetic gauge is
correct in Lagrangean and Hamiltonian formulations of field theories.
1
1 Introduction
In this paper, we use normal coordinates to show that a projective change in the symmet-
ric part of asymmetric connections as well as Weyl’s geometry for symmetric connections
generate vector fields that are gradients of a non-arbitrary scalar function.
Scalar functions are invariant due to coordinate transformations. Thus, our results in
normal coordinates are also correct in other coordinates.
Weyl’s differential geometry is very important and originated the concept of gauge fields
in electromagnetism and field theories. In Weyl’s geometry, gauge field is the gradient
of a scalar function and this implies it will be a conformal differential geometry. It is
less general than usually presented.
This paper is organized as follows: In Sec. 2, we define asymmetric connections and some
geometric objects. We use a classical approach following L. P. Eisenhart,[1], because it
is easy to read and has greater detail than offered in the present paper. In Sec. 3, we
present two different asymmetric connections that have the same paths and interrelated.
In Sec. 4, we use normal coordinates for the symmetric part of asymmetric connections
and show that, for a projective change in connections, the vector field is the gradient of
a non-arbitrary scalar function. In Sec. 5, we present some results of Weyl’s differential
geometry. Using normal coordinates, we show that the most general gauge field is the
gradient of a non-arbitrary scalar function, showing that Weyl’s geometry is a confor-
mal geometry. In Sec. 6, we show that a projective change in the symmetric part of
asymmetric connections is equivalent to a conformal transformation in the metric tensor
of Weyl’s geometry. The influence of Weyl’s gauge field on the change in the symmetric
and antisymmetric parts of asymmetric connections is explicitly shown. In Sec. 7, we
present our concluding remarks.
2
2 Asymmetric Connections
In this section, we introduce asymmetric connections and some associated geometric
objects.
An asymmetric connection can be defined as the sum of a symmetric connection with
another antisymmetric connection, as follows
Lηµν = Γ
η
µν +Ω
η
µν , (2.1)
Γηµν = Γ
η
νµ, (2.2)
and
Ωηνµ = −Ω
η
µν . (2.3)
We will now present the covariant derivatives for covariant components of a vector for
each different connection
Xµpν = ∂νXµ − L
η
µνXη, (2.4)
Xµ;ν = ∂νXµ − Γ
η
µνXη , (2.5)
Xµ,ν = ∂νXµ − C
η
µνXη , (2.6)
where Cηµν are the components of the Christoffel symbols.
Let us present the following curvatures for the different connections
Lαµσν = −∂νL
α
µσ + ∂σL
α
µν − L
η
µσL
α
nν + L
η
µνL
α
ση , (2.7)
Bαµσν = −∂νΓ
α
µσ + ∂σΓ
α
µν − Γ
η
µσΓ
α
nν + Γ
η
µνΓ
α
ση, (2.8)
Ωαµσν = −Ω
α
µσpν +Ω
α
µνpσ +Ω
η
µσΩ
α
nν − Ω
η
µνΩ
α
ση, (2.9)
Rαµσν = −∂νC
α
µσ + ∂σC
α
µν − C
η
µσC
α
nν + C
η
µνC
α
ση , (2.10)
with Ricci’s tensor
Rµν = R
α
µνα. (2.11)
The parallel transport is given by
dXη
dt
+ LηµνX
µ dx
ν
dt
= 0. (2.12)
In the next section, we present a more general concept of parallelism.
3
3 Changes in Connections that Preserve Parallelism
Here, we present a more general concept of parallelism between two vectors and how
the same path is possible for two different asymmetric connections.
Let us consider two vector fields with the same direction at each point where the respec-
tive components satisfy the following relationship
X̂η = ϕXη. (3.1)
Each component is parallel transported by a different asymmetrical connection as follows
dX̂η
dt
+ L̂ηµνX̂
µ dx
ν
dt
= 0. (3.2)
dXη
dt
+ LηµνX
µ dx
ν
dt
= 0. (3.3)
Deriving (3.1) and using
LηµνX̂
µ dx
ν
dt
= ϕLηµνX
µ dx
ν
dt
, (3.4)
We have
dX̂η
dt
+ LηµνX̂
µ dx
ν
dt
= f(t)X̂η, (3.5)
where (3.3) was used and
f(t) =
1
ϕ
dϕ
dt
. (3.6)
Let us consider the following multiplication
X̂σ
dX̂η
dt
+ LηµνX̂
σX̂µ
dxν
dt
= f(t)X̂σX̂η, (3.7)
X̂η
dX̂σ
dt
+ LσµνX̂
ηX̂µ
dxν
dt
= f(t)X̂ηX̂σ . (3.8)
We then have
X̂σ
dX̂η
dt
+ L̂ηµνX̂
σX̂µ
dxν
dt
= 0, (3.9)
X̂η
dX̂σ
dt
+ L̂σµνX̂
ηX̂µ
dxν
dt
= 0. (3.10)
Eliminating f(t) in (3.7) and (3.8), from (3.9) and (3.10), we have
X̂η{
dX̂σ
dt
+ LσµνX̂
µ dx
ν
dt
} − X̂σ{
dX̂η
dt
+ LηµνX̂
µ dx
ν
dt
} = 0, (3.11)
X̂η{
dX̂σ
dt
+ L̂σµνX̂
µ dx
ν
dt
} − X̂σ{
dX̂η
dt
+ L̂ηµνX̂
µ dx
ν
dt
} = 0. (3.12)
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From (3.11) and (3.12), we get
(L̂σµν − L
σ
µν)X̂
ηX̂µ
dxν
dt
= (L̂ηµν − L
η
µν)X̂
σX̂µ
dxν
dt
. (3.13)
We now define the following relation between the connections
L̂σµν − L
σ
µν = a
σ
µν . (3.14)
After some simple calculations, we have
naσµν = δ
σ
µa
λ
λµ. (3.15)
We now define
2nψµ = a
λ
λµ. (3.16)
Using (3.15) and (3.16) in (3.14), we get
L̂σµν = L
σ
µν + 2δ
σ
µψν . (3.17)
Using (3.18)in(3.5)
Γ̂ηµν = Γ
η
µν + δ
η
µψν + δ
η
νψµ, (3.18)
and
Ω̂ηµν = Ω
η
µν + δ
η
µψν − δ
η
νψµ. (3.19)
Using (3.17) and (2.7), we get
L̂αµσν = L
α
µσν − 2δ
α
µ (
∂ψσ
∂xν
−
∂ψν
∂xσ
), (3.20)
Different connections that change according to (3.17), (3.18) and (3.19) have the same
path and generate curvatures that interrelate through (3.20).
4 Normal Coordinates and Projective Change of Connections
In this section, we consider normal coordinates and show that, for a projective change
in connections, the vector field is actually the gradient of a scalar function.
Let us consider the symmetric part of two asymmetric connections given by (3.18) as
functions of the variables (xη).
For two normal coordinates, equations of paths through the origin are given by [1],
yη =
dxη
dt
t, (4.1)
zη =
dxη
ds
s, (4.2)
with evolution parameters t and s.
There is a simple relationship between the normal coordinates given by
yη =
zη
f(z)
, (4.3)
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zη =
yη
g(y)
, (4.4)
subject to the condition
f(z)g(y) = 1. (4.5)
For normal coordinates yη and zη , (3.18) will be given by
Σ̂ηµν = Σ
η
µν + δ
η
µψν + δ
η
νψµ, (4.6)
and obeys the following conditions
Σ̂ηµνy
µyν = 0, (4.7)
Σηµνz
µzν = 0. (4.8)
After some considerations, we have ( [1], Sec. 33, eq. (33.6))
(zµψµ + f
−1 ∂f
∂zν
zν)(f −
∂f
∂zσ
zσ) +
1
2
f,µνz
µzν = 0, (4.9)
f,µν is the second partial derivative of f.
The exact solution of (4.9) is given by
2ψµ = ∂µlog(f
−1 +
∂f−1
∂zσ
zσ). (4.10)
This implies that ψµ is derived from a scalar ψ given by
2ψ = log(f−1 +
∂f−1
∂zσ
zσ). (4.11)
We can put
ψµ = ∂µψ. (4.12)
Let us now define
f−1 = h, (4.13)
and substituting (4.13) in (4.11), we have
h+
∂h
∂zσ
zσ = e2ψ. (4.14)
When ψ is a function only of ∂h
∂zσ
, (4.14) is the generalized Clairaut’s equation, [2].
Substituting (4.12) into (3.17), (3.18), (3.19) and (3.20), we have
L̂σµν = L
σ
µν + 2δ
σ
µ∂µψ, (4.15)
Γ̂ηµν = Γ
η
µν + δ
η
µ∂νψ + δ
η
ν∂µψ, (4.16)
Ω̂ηµν = Ω
η
µν + δ
η
µ∂νψ − δ
η
ν∂µψ, (4.17)
and
L̂αµσν = L
α
µσν , (4.18)
which implies a simplification of (3.20).
Other geometric objects not present in this section also change in the two geometries.
6
5 Weyl’s Differential Geometry
Weyl’s differential geometry is very important and originated the concept of gauge fields
in electromagnetism. Weyl’s geometry reduced to a conformal differential geometry
when a gauge field is the gradient of a scalar function [3]. In this section, we show that
the most general gauge field is the gradient of a scalar function that obeys a first-order
partial differential equation.
In Weyl’s differential geometry, the derivative of the metric tensor obeys the following
expression
gµν ; η + 2gµνΦη = 0, (5.1)
and the connection is given by
W ηµν = C
η
µν + δ
η
µΦν + δ
η
νΦµ − gµνΦ
η, (5.2)
with Cηµν as components of Christoffel’s symbols.
With a similar treatment used in obtaining (4.9) and gµνz
µzν 6= 0 (a not light-like
interval), we get
2zµΦµz
α(f−1 − f−2
∂f
∂zν
zν)− zσz
σ(Φαf−1 (5.3)
−f−2zα
∂f
∂zν
Φν) + zαf−2(2
∂f
∂zν
zν + f,µνz
µzν − 2f−1
∂f
∂zν
zν
∂f
∂zµ
zµ) = 0.
The exact solution of (5.1) is given by
Φµ = −2∂µlogf + ∂µlog(f −
∂f
∂zσ
zσ). (5.4)
This implies that Φµ is derived from a scalar Φ given by
Φ = −2logf + log(f −
∂f
∂zσ
zσ) + const. (5.5)
Substituting (4.13) in (5.5), we get
h+
∂h
∂zσ
zσ = eΦ. (5.6)
The verification that (4.10) is the solution of (4.9) is simple, but that (5.4) is the solution
of (5.3) is more complex. For this, we need to put (5.3) in the form
∂f
∂zσ
(.........) = 0, (5.7)
after the use of scalar product zσz
σ 6= 0.
Comparing (4.14) with (5.6), we see that 2ψ + const. = Φ
or
2
∂ψ
∂zσ
=
∂Φ
∂zσ
. (5.8)
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Let us consider a light-like interval, zσz
σ = 0, for Weyl’s gauge.
For this type of interval in place of ∂Φ
∂zσ
, put ∂φ
∂zσ
. We then get
(zµφµ + f
−1 ∂f
∂zν
zν)(f −
∂f
∂zσ
zσ) +
1
2
f,µνz
µzν = 0. (5.9)
The connection is given by (5.2) and the development of the equation for φ for a light-
like interval leads directly to (5.9), which is identical to (4.9). If we assume a light-like
interval in (5.3), we immediately get (5.9), but the correct procedure would be to assume
the light-like interval from the beginning.
As with (4.9), the exact solution of (5.9) is given by
2φµ = ∂µlog(f
−1 +
∂f−1
∂zσ
zσ). (5.10)
This implies
2φ = log(f−1 +
∂f−1
∂zσ
zσ). (5.11)
We can state
φµ = ∂µφ. (5.12)
In (5.11), using
f−1 = h, (5.13)
we get
h+
∂h
∂zσ
zσ = e2φ. (5.14)
Comparing (4.14) with (5.14), we see that ψ + const. = φ
or
∂ψ
∂zσ
=
∂φ
∂zσ
. (5.15)
We conclude for zσz
σ 6= 0, the gauge field of Weyl’s geometry is twice the vector field of
the projective change and, for a light-like interval, zσz
σ = 0, vector fields are equal.
These scalar fields are invariant under coordinate transformations and therefore apply
to another coordinate system related to normal coordinates. We have two differential
geometries. Weyl’s differential geometry is a conformal geometry, while the another
conserves paths for different connections.
8
6 Association Between Asymmetric and Weyl’s Connections
In the previous sections, we showed that vector fields obtained by a projective change in
the symmetrical part of asymmetric connections and the gauge fields in Weyl’s theory
are related by the equation (5.8) if the interval is not light-like, zσz
σ 6= 0, and are related
by (5.15) for a light-like interval, zσz
σ = 0.
Let us consider a interval that is not light-like. From (4.16), (5.2) and (5.8), we get
2Γ̂ηµν = 2Γ
η
µν ++δ
η
µ∂νΦ+ δ
η
ν∂µΦ, (6.1)
which is the symmetric part of the projective connection as a function of Weyl’s gauge
field.
Γ̂ηµν = Γ
η
µν + 2W
η
µν − 2C
η
µν +
1
2
gµνΦ
η, (6.2)
which is the symmetric part of the projective connection as a function of Weyl’s connec-
tion and Weyl’s gauge field.
2Ω̂ηµν = 2Ω
η
µν + δ
η
µ∂νΦ− δ
η
ν∂µΦ, (6.3)
which is the antisymmetric part of an asymmetric connection as a function of Weyl’s
gauge field.
Equations (6.1) and (6.2) show that a projective change in the symmetric part of asym-
metric connections is equivalent to a conformal transformation in the metric tensor.
Equation (6.3) explicitly shows the influence of Weyl’s gauge field on the change in the
antisymmetric part of asymmetric connections. From (6.2), it is a natural process to
introduce a metric in asymmetric geometry.
It is evident that (4.12) implies a simplification in Weyl’s projective tensor, although
Weyl’s conformal tensor does not change. These tensors are defined in [1] and [3]).
Let us write Weyl’s connection and rewrite (6.1), (6.3) and (5.6)
W ηµν = C
η
µν + δ
η
µΦν + δ
η
νΦµ − gµνΦ
η, (6.4)
h+
∂h
∂zσ
zσ = eΦ, (6.5)
2Γ̂ηµν = 2Γ
η
µν ++δ
η
µ∂νΦ+ δ
η
ν∂µΦ, (6.6)
2Ω̂ηµν = 2Ω
η
µν + δ
η
µ∂νΦ− δ
η
ν∂µΦ. (6.7)
Let us consider a light-like interval. The relation between the fields of the two geometries
is given by (5.15) and we get
W ηµν(L) = C
η
µν + δ
η
µφν + δ
η
νφµ − gµνφ
η, (6.8)
h+
∂h
∂zσ
zσ = e2φ, (6.9)
Γ̂ηµν = Γ
η
µν ++δ
η
µ∂νφ+ δ
η
ν∂µφ, (6.10)
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Ω̂ηµν = Ω
η
µν + δ
η
µ∂νφ− δ
η
ν∂µφ, (6.11)
in which W ηµν(L) is Weyl’s connection for a light-like interval.
Connections (6.4) and (6.8) have different geodesics and curvatures [3].
This produces different effects on Weyl’s conformal tensor, projective tensor and asym-
metric connections.
For an interval that is not light-like, we can use equation (6.2) to put Weyl’s conformal
tensor as a function of Weyl’s projective tensor and, for a light-like interval, we can use
an equation equivalent to (6.2).
Weyl’s conformal tensor is a function of pseudo-Riemannian geometric objects, specifi-
cally Riemann’s tensor, Ricci’s tensor and curvature. We can then put Weyl’s projective
tensor as a function of a pseudo-Riemannian geometry.
In a pseudo-Riemannian geometry, we can define a Fermi transport for an interval that is
not light-like or is light-like on a curve. This can be extended to other symmetric connec-
tions, such as Weyl’s, and it is possible to choose coordinates in which the connections
are zero at all points of a curve or a portion of it [1].
7 Concluding Remarks
In this paper, we have used normal coordinates to show that a projective change in the
symmetric part of asymmetric connections as well as Weyl’s geometry for symmetric
connections generate vector fields that are gradients of non-arbitrary scalar functions.
Consequently, Weyl’s geometry is a conformal differential geometry and is associated
with an asymmetric geometry through a projective change in the symmetric part. We
also show that a metric tensor naturally appears in asymmetric geometry and is not
introduced via a postulate, as is usually done. In other words, if we want to introduce
a metric into an asymmetric geometry without postulating it, the natural way is to
make a projective change in the symmetric part of the asymmetric connection. This is
equivalent to a conformal transformation of Weyl’s metric.
Connections (6.4) and (6.8) respectively together with (6.5) and (6.9) have different
geodesics and curvatures. For each value of the coordinates, this produces different
effects in Weyl’s projective tensor, Weyl’s conformal tensor and asymmetric connections.
We believe that applications in physical theories will impose constraints on h or Φ in
(6.5) and h or φ in (6.9). The first option would be to choose the function h as a constant
plus a periodic function multiplied by a very small constant, with undetermined Φ and
φ. The second option would be to choose each Φ and φ as different functions given by
a constant plus a periodic function multiplied by a very small constant, with h as an
undetermined function. It also seems possible to choose h, Φ and φ as different functions,
giving by a constant plus a periodic function multiplied by a very small constant. These
assumptions will be discussed in an upcoming paper.
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